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I. INTRODUCTION

In the second half of the 20th century, a considerable number of studies on fractional calculus were published in the
engineering literature. In fact, fractional calculus has many applications in physics, mechanics, biology, electrical
engineering, viscoelasticity, control theory, economics, and other fields [1-17]. There is no doubt that fractional calculus
has become an exciting new mathematical method to solve diverse problems in mathematics, science, and engineering.

Until now, the rules of fractional derivative are not unique. Many authors have given the definition of fractional
derivative. The commonly used definition is the Riemann-Liouvellie (R-L) definition. Other useful definitions include
Caputo definition of fractional derivative, Grunwald Letnikov (G-L) fractional derivative, conformable fractional
derivative, and Jumarie’s modified R-L fractional derivative [18-22]. Since Jumarie type of R-L fractional derivative
helps to avoid non-zero fractional derivative of constant function, it is easier to use this definition to connect fractional
calculus with traditional calculus.

In this paper, based on Jumarie type of R-L fractional derivative and a new multiplication of fractional analytic functions,
we study the fractional differential problem of the following two types matrix fractional functions:

c0s, (PAXY)®, %Lna(l + 2rcos, (Ax®) + 1%)
—sin, (pAx*)®, arctan,, (rsina (AxY)®, [1 + rcos, (Ax*)]®« ('1)) ’
and

cos, (pAx*)®, arctan, (rsina (Ax¥)®, [1 + rcos, (Ax“)]®“(‘1))

+sin, (pAx*)Q, %Lna (1 + 2rcos, (Ax*) + 1r?)

where 0 < a < 1, ris a real number, |r| < 1, pis a positive integer, and A4 is a real matrix. Using some methods, we can
evaluate arbitrary order fractional derivative of these two types of matrix fractional functions. Moreover, our results are
generalizations of traditional calculus results.
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I1. PRELIMINARIES

At first, we introduce the fractional derivative used in this paper and its properties.

Definition 2.1 ([23]): Let 0 < a < 1, and x, be a real number. The Jumarie type of Riemann-Liouville (R-L) a-fractional

derivative is defined by

a x f(t)=f(x0)
(DO = st ] dt.

X0 (x—-t)*

€]

where T'( ) is the gamma function. On the other hand, for any positive integer m, we define (XOD,‘})m[f(x)] =

(2sP5) (x,D%) = (1, DE)[f ()], the m-th order a-fractional derivative of f(x).

Proposition 2.2 ([24]): If a,B,x,, C are real numbers and 8 = a > 0, then

(e D) = x0)F] = = (x — xp)Fe,

r(f-a+1)

and

(XODJ?) [C] =

()

@)

Definition 2.3 ([25]): If x, x4, and a,, are real numbers for all n, x, € (a, b), and 0 < a < 1. If the function f,: [a,b] - R

can be expressed as an a-fractional power series, that is, f,(x%) =

Zn 0 F(na+1)

(x — x¢)™® on some open interval

containing x,, then we say that f,(x%) is a-fractional analytic at x,. Furthermore, if f,:[a,b] - R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then f, is called an a-fractional

analytic function on [a, b].

In the following, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([26]): If 0 < a < 1. Assume that £, (x*) and g, (x%) are two a-fractional power series at x = x,,

)na

ay — Yoo An _
Fue®) = Bio s (x — 3y

ay — J'o bn _ na
ga(x ) - Zn:O [(na+1) (x xO) .

Then
fa(x)®q ga(x®)
= z;?zoﬁ(x = 00)" ®u Lo ey & — X0
S (Bhen () o) 20
Equivalently,
fa(x*)®q g ()
= Zn=o l:zn (F(a+1) (= xO)a)®a ®a Xno (F(a+1)

= Y=o ( m=0 (:rll) an—mbm) (ﬁ (x - xo)a)®a

c—x)?) "

(4)
(5)

(6)

()

Definition 2.5 ([27]): If 0 < « < 1, and x is a real number. The a-fractional exponential function is defined by

« o XN » 1
Ea(x ) = Zn:OM = Zn:OE(

I'(a+1)
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On the other hand, the a-fractional cosine and sine function are defined as follows:

@ v (_l)nxzna e (- 1 @ ®q2n
c05q (x%) = Xnzo r(zna+1) Zn=o (2n)! (F(a+1) ) ' ©)
and
(@) = g CUMCHVE o (D (1 ) Ba D
sing (x%) = Xnzo r(en+a+1) Zn=o (2n+1)! (F(a+1)x ) : (10)
Definition 2.6 ([28]): If 0 < « < 1, and A is a matrix. The matrix a-fractional exponential function is defined by
B, (Ax®) = S Ar o — g L (4t ya)™" (11)
a\AX") = Zin=o T(na+1) “1=0q I'(a+1) x )
And the matrix a-fractional cosine and sine function are defined as follows:
v n (_1)nx2na e (=)™ 1 @ ®Rq2n
€0Sq (Ax%) = Yo A rzna+1) Xn=o (2n)! (A T(a+1) ) ' (12)
and
. o v n(_l)nx(2n+1)a  ow D" 1 @ Qg (2n+1)
Sing (Ax®) = Xn=o 4 r(en+a+1) Zn=o (2n+1)! (A F(a+1)x ) ) (13)
Theorem 2.7 (matrix fractional Euler’s formula): If 0 < @ < 1, and 4 is a real matrix, then
E, (iAx%) = cos,(Ax%) + isin, (Ax%). (14)
Theorem 2.8 (matrix fractional DeMoivre’s formula): If 0 < a < 1, p is an integer, and A is a real matrix, then
[cos, (Ax%) + isin, (Ax*)]®«P = cos,(pAx®) + isin, (pAx®). (15)

Definition 2.9: The smallest positive real number T, such that E, (iT,) = 1, is called the period of E, (ix%).
I1l. MAIN RESULTS

In this section, we obtain arbitrary order fractional derivative of two types of matrix fractional functions by using some
techniques. At first, two lemmas are needed.

Lemma 3.1: Suppose that 0 < a < 1, r is a real number, and A is a real matrix, then
Lng (14 7E,(iAx*)) = % Ln,(1 + 2rcos,(Ax%) +r2) + i - arctan, (rsina (Ax¥)®, [1 + rcos, (Ax*)]®a (_1)). (16)

Proof Ln,(1+ rE,(iAx%))

Lna(l + rcos, (Ax%) + irsin, (Ax“)) (by matrix fractional Euler’s formula)

Ln.a 1 21 COSa(AJ( ) + 12 ®a 1/2
a ( ccs&x(‘tf«' ))®a |1 27 COSa(Ax ) + r2|®a 1/2 l'T'Siﬂ (4 a) 8 [ ( ) /

Ln, ([1 + 2rcos, (Ax®) + r?|®«12Q  E, (i - arctan,, (rsina(Ax“)@)a [1 + rcos,(Ax*)]|®« (‘1))>>

%Lna(l + 2rcos,(Ax%) + r%) + i - arctan, (rsina(Ax“)®a [1+ rcosa(Ax“)]®“('1)). g.e.d.
Lemma 3.2: If 0 < a <1, risareal number, |r| <1, p is a positive integer, and A is a real matrix, then
€05, (pAx*)Q®, %Lna(l + 2rcos, (Ax*) +12)
—sing (pAx*)®, arctan,, (rsina (AXx®)®¢ [1 + Tcos, (Ax*)]®a (‘1))
= Z;’fzo(—l)"ﬁr”“cosa((n+p + 1)Ax%) 17)
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And
€054 (pAX*)®, arctan,, (rsina (Ax®)®, [1 + rcos, (Ax“)]®a(_1))
+sin, (pAx*)®, gLna(l + 2rcos,(Ax*) + 12)

= Z,‘;"zo(—l)"ﬁr"“sina((n +p + 1)Ax%) (18)

Proof Since |r| < 1, it follows that
[Eo(iAx®)]®a? @, Lng (1 + TE,(iAxY))

= E(ipAx®)® Tiio(—1)" — [1Ey (iAx®)]®a +D)

= E, (ipAx®)Qq Y=o (=)™ ﬁr”“Ea (i(n+ 1)Ax%) (by matrix fractional DeMoivre’s formula)

= Teo(— D" =", (i(n + p + 1)Ax%)

= Z;’{’zo(—l)"niﬂr"+1cosa((n+p + DAx*) +i -Z,‘;":O(—l)"ni“r"“sina((n +p + 1)Ax%). (19)
Therefore, by Lemma 3.1

c0Se(PAXY)®, %Lna(l + 2rcos, (Ax®) + 1r2)
—sing (pAx*)®, arctan,, (rsina(Ax“)(X)a [1 + rcos,(Ax*)]|®« (_1))
= Troo(— 1" — 1" 1cos, ((n+p + 1)Ax),
and
arctan, (rsina(Ax“)®a [1 + rcos, (Ax%)]®a (‘1)) =ye (D" ﬁr““sina((n +p+ 1)Ax%) .

g.e.d.

Theorem 3.3: If 0 < @ < 1, risa real number, |r| < 1, m, p are positive integers, and A4 is a real matrix, then
c0s,(pAx*)®, %Lna(l + 2rcos, (Ax*) +1?)

px)™
(oD%) —sing (pAx*)®, arctan,, (rsina (Ax¥)®, [1 + rcos, (Ax“)]®a(_1))

= eo(— )" == 1™ (n+ p + 1AM cos, (n+p + DAX® +m - ). (20)
And
c0s, (pAx*)®, arctan, (rsina(Ax“)®a [1 + rcos, (Ax®)]®a (‘1))

(oD2)" l

+5sin, (pAx*)®, %Lna(l + 2rcos, (Ax®) + 1r?)

= Z;’{’zo(—l)"ﬁrnﬂ(n +p + 1)™A™sin, ((n+p + DAx* +m - %"‘) : (21)
Proof By lLemma 3.2,
cos, (pAx*)®, %Lna(l + 2rcos, (Ax*) + 12)

p&)™
(oD%) —sing (pAx*)®, arctan,, (rsina (Ax*)®, [1 + Trcos, (Ax“)]®“(_1))
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= (,p9)" [Zfzo(—l)"ﬁr"+1cosa((n+p + 1)Ax“)]
= Tio(— )" =11 (D) " [cos, (n+p + 1)Ax®)]

o 1 Ty
= Yn=o(—D" — 1" (n + p + 1)"A™cos, ((n+p + 1DAx*+m- T) .

On the other hand,

()" Icosa (pAx*)®, arctan,, (rsina(Ax“)®a [1 + rcos, (Ax®)]® (_1))
oDx

+sin, (pAx*)®, %Lna(l + 2rcos, (Ax®) + 12)
= (,D%)" [Z;'{;O(—l)”ﬁr”“sina((n +p+ 1)Ax“)]
e 1 me .
= Zn=o(—1)nn—+17’n+1( oD%) " [sing (n+p + 1)Ax™)]
= Z;‘fzo(—l)"n%lr”“(n +p + D™A™sin, ((n+p + DAx* +m- %‘") : g.ed.

IV. CONCLUSION

In this paper, based on Jumarie’s modified R-L fractional derivative and a new multiplication of fractional analytic
functions, we can find arbitrary order fractional derivative of two types of matrix fractional functions. In addition, our
results are generalizations of traditional calculus results. In the future, we will continue to use Jumarie type of R-L
fractional calculus and the new multiplication of fractional analytic functions to solve problems in engineering
mathematics and fractional differential equations.
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